Some linear codes associated to maximal algebraic curves via Feng-Rao construction [3] are investigated. In several case, these codes have better minimum distance with respect to the previously known linear codes with same length and dimension.
Introduction
The idea of constructing linear codes from algebraic curves defined over a finite field F q goes back to Goppa [10] . These codes are usually called Algebraic Geometric Codes, AG codes for short. Typically, AG codes with good parameters arise from curves with a large number N of F q -rational points with respect to their genus g. In fact, for an [N, k] q AG code code associated to a curve of genus g, the sum of its transmission rate plus its relative minimum distance is at least 1 − g−1
N . An upper bound on N is given by the Hasse-Weil estimate N ≤ q + 1 + 2g √ q. In 1995 Feng and Rao [3] introduced the so-called Improved AG Codes, see Section 2.2. The parameters of these codes depend on the pattern of the Weierstrass semigroup at the points of the underlying curve, and it has emerged that they can be significantly better than those of the ordinary AG codes.
The aim of this paper is to investigate the parameters of the Improved AG Codes associated to some classes of maximal curves, that is, curves for which the Hasse-Weil upper bound is attained. Since maximal curves with positive genus exist only for square q, henceforth we assume that q = q 0 2. The main achievement of the paper is the discovery of several linear codes that apparently have better parameters with respect to the previously known ones, see Appendix. Our method is based on the explicit description of the Weierstrass semigroup at some F q -rational points of the curves under investigation.
The maximal curves that will be considered are the following.
(A) Curves with equation X 2m + X m + Y q0+1 = 0, where m > 2 is a divisor of q 0 + 1, and ∆ = q0+1 m > 3 is a prime [7] .
(B) Curves with equation X 2i+2 + X 2i + Y q0+1 = 0, where ∆ = q0+1 2 > 3 is a prime, and 1 ≤ i ≤ ∆ − 2 [8] .
(C) Quotient curves of the Hermitian curve Y q0+1 = X q0 + X with respect to the additive subgroups of H = {c ∈ F q | c q0 + c = 0} [5] .
(D) Curves with equation Y m = X q0 + X, where m is a proper divisor of q 0 + 1 [1] .
(E) Curves with equation Y q−1 m = X(X + 1) q0−1 , where m is a divisor of q − 1 [5] .
Notation and Preliminaries

Curves
Throughout the paper, by a curve we mean a projective, geometrically irreducible, non-singular algebraic curve defined over a finite field. Let q 0 be a prime power, q = q 2 0 , and let X be a curve defined over the finite field F q of order q. Let g be the genus of X . Henceforth, the following notation is used:
• X (F q ) (resp. F q (X )) denotes the set of F q -rational points (resp. the field of F q -rational functions) of X .
• H is the Hermitian curve over F q with affine equation
• For f ∈ F q (X ), (f ) (resp. (f ) ∞ ) denotes the divisor (resp. the pole divisor) of f .
• Let P be a point of X . Then ord P (resp. H(P )) stands for the valuation (resp. for the Weierstrass non-gap semigroup) associated to P . The ith non-gap at P is denoted as m i (P ).
One-point AG Codes and Improved AG Codes
Let X be a curve, let P 1 , P 2 , . . . , P n be F q -rational points of X , and let D be the divisor P 1 +P 2 +. . .+P n . Furthermore, let G be some other divisor that has support disjoint from D. The AG code C(D, G) of length n over F q is the image of the linear map α :
If n is bigger than deg(G), then α is an embedding, and the dimension k of C(D, G) is equal to ℓ(G). The Riemann-Roch theorem makes it possible to estimate the parameters of C(D, G). In particular, if 2g
where
is an AG code with dimension n − k and minimum distance greater than or equal to deg(G) − 2g + 2. When G = γP for an F q -rational P point of X , and a positive integer γ, AG codes C(D, G) and C ⊥ (D, G) are referred to as one-point AG codes. We recall some results on the minimum distance of one-point AG codes. By [9, Theorem 3], we can assume that γ is a non-gap at P . Let
and set ρ 0 = 0. Let f ℓ be a rational function such that div ∞ (f ℓ ) = ρ ℓ P , for any ℓ ≥ 1.
Set
for any ℓ ≥ 0. Denote with C ℓ (P ) the dual of the AG code C(D, G), where D = P 1 + P 2 + . . . + P n , and G = ρ ℓ P .
Definition 2.1. Let d be an integer greater than 1. The Improved AG codeC d (P ) is the codẽ
Theorem 2.2 (Proposition 4.23 in [12] ). Let
Maximal Curves
A curve X is called F q -maximal if the number of its F q -rational points attains the Hasse-Weil upper bound, that is,
where g is the genus of X . A key tool for the investigation of maximal curves is Weiestrass Points theory. The Frobenius linear series of a maximal curve X is the complete linear series D = |(q 0 + 1)P 0 |, where P 0 is any F q -rational point of X . The next result provides a relationship between D-orders and non-gaps at points of X .
Proposition 2.3 ([4]
). Let X be a maximal curve over F q , and let D be the Frobenius linear series of X . Then (i) For each point P on X , we have ℓ(q 0 P ) = r, i.e., 0 < m 1 (P ) < . . . < m r−1 (P ) ≤ q 0 < m r (P ).
(ii) If P is not rational over F q , the D-orders at the point P are
In particular, if j is a D-order at a rational point P , then q 0 + 1 − j is a non-gap at P .
(iv) If P ∈ X (F q ), then q 0 and q 0 + 1 are non-gaps at P .
Weierstrass semigroups for curves (A)
Let m > 2 be a divisor of q 0 + 1, and suppose that ∆ = q0+1 m > 3 is a prime. Let X m be the non-singular model of the plane curve over F q with affine equation
Proposition 3.1 (Section 3 in [7] ). The curve X m has the following properties. (iii) If ω is a primitive m-th root of −1, then there exists an F q -rational point P such that
Let P be as (iii) of Proposition 3.1. Then the Weierstrass semigroup H(P ) contains the following numerical semigroup
We show that actually H(P ) coincides with Θ.
Proof. To prove the assertion we show that the number of gaps in Θ, that is, the number of integers in N \ Θ, is equal to the genus g of X m . Let
. . , q 0 + 1}, and for
Note that, if s < m, then the intersection of two of these sets is always empty. In fact, the largest integer of G(s − 1) is (s − 1)(q 0 + 1), and it is smaller than the smallest integer of G(s), that is s(q 0 +1−∆). So, the number of gaps between G(s−1) and G(s) is exactly s(q 0 +1−∆)−(s−1)(q 0 +1)−1 = q 0 −s∆. Now we show that the number of gaps in G(s) is at most
where h, k ∈ {0, . . . , m − 1}, and r ∈ {0, . . . , s − 1}. Hence, G(s) contains every integer greater than (s − 1)
2 ), and less than s(q 0 + 1 − ∆−1 2 ). For the same reason, the number of gaps in G(m) is at most
2 ) < 2g, and the greatest v ∈ G(m) is such that v > 2g. Therefore, we have at most
To complete the proof, we need to show that Θ contains every integer greater than 2g. This follows from the fact that if
2 . This completes the proof.
Weierstrass semigroups for curves (B)
Let q 0 be a prime power such that ∆ = q0+1 2 is a prime greater than 3. Let X i be the non-singular model of the curve over F q with affine equation
The curve X i has the following properties.
(ii) The genus of X i is g = q 0 − 1.
be the integers such that 0 < n j < ∆, and
.
• There exists an F q -rational point P 1 of X i such that the Weierstrass semigroup H(P 1 ) contains the following integers
• there exists an F q -rational point P 2 of X i such that the Weierstrass semigroup H(P 2 ) contains the following integers
where m j = n j i − ∆ nj i ∆ ; • there exists an F q -rational point P 3 of X i such that the Weierstrass semigroup H(P 3 ) contains the following integers
It is easily seen that, if i = 1, then n j = m j = j, and k j = ∆ − 2j, for j ∈ 1, 2, . . . ,
. So, from the above Proposition we have just two different Weierstrass semigroup of X 1 , namely H(P 1 ) and H(P 3 ). 
Proof. To prove the assertion we show that the number of gaps in Θ is equal to the genus g of X 1 .
2 , q 0 + 1 − ∆ , and for s ∈ {0, 1, 2} let G(s) = {ig 1 + jg 2 |g k ∈ G, i + j = s}. Note that G(0) = {0}, G(1) = G, and that the number of gaps in G(1) is at most
In fact, the largest integer of G(1) is q 0 + 1, and it is smaller than the smallest integer of G (2), that is (
. So, the number of gaps between G(1) and G(2) is exactly
• If
• if
Moreover, since that the largest integer in G (2), that is 2(q 0 + 1), is smaller than 2g = 2(q 0 − 1), we have at most
To complete the proof, we need to show that Θ contains every integer greater than 2g. Consider now G(s), for s ≥ 3. We can observe that in G(s) there is no gap, and that between G(2) and G(3) there is no integer. Also, it is easily seen that for s > 2, G(s) ∩ G(s + 1) = ∅ holds. This completes the proof. 
Proof. We show that the number of gaps in Γ is equal to the genus g of X 1 . Let h = q 0 + 1 − ∆, and let G = {h, h + 2, h + 4, . . . , 2h − 1, 2h}. Clearly, Γ is generated by G. The number of gaps less than the first non-zero nongap is h − 1, and the number of gaps in G is at most , and if 3h − 1 < v ≤ 4h, then v = (h + 2i) + (h + 2j) for some i, j ∈ 0, 1, . . .
. Since that 4h = 2(q 0 + 1) > 2g, we have at most 2(h − 1) = g gaps less than 2g. Moreover, it is easily seen that Γ contains every integer greater than 2g.
Consider the curve X i , when q 0 = 9, and ∆ = 5. We limit ourselves to the the case i = 1, since for i = 2 and i = 3 the same Weierstrass semigroups are obtained. The curve X 1 has equation
its genus is g = 8, and the number of its F 81 -rational points is 226. By Theorems 4.2 and 4.3 there exist two F q -rational points P 1 and P 3 such that H(P 1 ) = 5, 8, 9 and H(P 3 ) = 5, 7, 9 . In Appendix, the Improved AG codes associated to the curve (3) with respect to P 3 will be referred to as codes (B1).
Weierstrass semigroups for curves (C)
Let s be a divisor of q 0 . Consider H = {c ∈ F q | c q0 + c = 0} < (F q , +), and let H s be any additive subgroup of H with s elements. Let X be the curve obtained as the image of the Hermitian curve by the following rational map
Proposition 5.1 ( [5] ). The genus g of X is equal to
. LetP ∞ be the only point at infinity of X . This point is the image of the only infinite point P ∞ in H by ϕ. Hence, the ramification index ǫ P∞ of P ∞ is equal to deg(ϕ) = s. Moreover, it is easily seen that
and ordP
Proof. Note that 
q
Let q 0 be a power of 2, and s = 2. Since that q 0 is even, then H = F q0 . Let H s = {0, 1}. Therefore, the rational map ϕ : H → X defined as in (4) is ϕ(x, y) = (x 2 + x, y).
Proposition 5.3. X has affine equation
Proof. Let (X, Y ) ∈ H. We need to prove that ϕ(X, Y ) satisfies (6) for every point (X, Y ) ∈ H. To do this it is enough to observe that
and take into account that (X, Y ) satisfies (1).
The curve with equation 6 was investigated in [6] .
Proposition 5.4 ([6]
). There exists a point P ∈ X such that the Weierstrass semigroup at P is
Therefore, taking into account Proposition 5.2, the curve X has at least two different Weierstrass semigroups.
q 0 = 8.
In this case the curve X has equation
its genus is g = 12, and the number of its F 64 -rational points is 257. In Appendix, we will denote by (C1a) the Improved AG codes costructed from the Weierstrass semigroup of Proposition 5.2, that is H(P ∞ ) = 4, 9 , and by (C1b) those costructed from the Weierstrass semigroup of Proposition 5.4, H(P ) = 7, 8, 9 .
q
, H s = {a ∈ H| T r(a) = 0}.
Let q 0 be a power of 2, and s = (x + a), y) = (T r(x), y).
Proposition 5.5. The curve X has affine equation
Proof. Let (X, Y ) ∈ H. The assertion follows from the equation
Proposition 5.6 ([6]
. . , q 0 , q 0 + 1 .
q 0 = 16.
The curve X has equation
its genus is g = 8, and the number of its F 256 -rational points is 513. In Appendix, the Improved AG codes costructed from the Weierstrass semigroup of Proposition 5.2, that is H(P ∞ ) = 2, 17 , will be referred to as codes (C2).
q
Let q 0 = 16, and s = 4. Since that q 0 is even, then H = F 16 . So, we can consider the case H s = F 4 . The rational map ϕ : H → X defined as in (4) is ϕ(x, y) = (x 4 + x, y).
Proposition 5.7. The curve X has affine equation
Moreover, X has genus g = 24, and the number of its F 256 -rational points is 1025.
Proof. Let (X, Y ) ∈ H. We need to prove that ϕ(X, Y ) satisfies (8) . To do this it is enough to observe that
and take into account that (X, Y ) satisfies (1) for q 0 = 16. The second part of the assertion follows from Proposition 5.1.
In Appendix, the Improved AG codes costructed from the Weierstrass semigroup of Proposition 5.2, that is H(P ∞ ) = 4, 17 , will be referred to as codes (C3).
5.4 q 0 = 9, s = 3, H s = {x ∈ H| x 3 = αx}, α primitive element of F 9 .
Let q 0 = 9, s = 3. Also, let α be a primitive element of F 9 . Note that α4 = −1. Let H s = x ∈ H| x 3 = αx . It is a straightforward computation to check that H s ⊂ H. In fact, for x ∈ H s ,
The rational map ϕ : H → X defined as in (4) is ϕ(x, y) = (x 3 − αx, y).
Proposition 5.8. The curve X has affine equation
Moreover, X has genus g = 9, and the number of its F 81 -rational points is 244.
Proof. Let (X, Y ) ∈ H. We need to prove that ϕ(X, Y ) satisfies (9) . To do this it is enough to observe that
and take into account that (X, Y ) satisfies (1) for q 0 = 9. The second part of the assertion follows from Proposition 5.1.
In Appendix, the improved AG codes costructed from the Weierstrass semigroup H(P ∞ ) = 3, 10 will be referred to as codes (C4).
Weierstrass semigroups for curves (D)
Let m be a divisor of q 0 + 1, and let X m be the non-singular model of the curve over F q with affine equation
Proposition 6.1. The curve X m has the following properties.
(i) X m is maximal.
(ii) The genus of X m is g = It is straightforward to check that X m is the image of the Hermitian curve by the rational map
where h = q0+1 m . The only point at infinityP ∞ of X m is the image of P ∞ ∈ H by ϕ, and it is easily seen that e P∞ is equal to deg(ϕ) = h. Let f ∈F q (x, y h ), and let ϕ * be the pull-back of ϕ.
,
Hence, ordP 
Proposition 6.3 ([6]
). There exists a point P ∈ X m such that
Now we consider the curve X m for particular values of q 0 and m.
6.1 q 0 = 7, m = 4.
The curve X m has equation
its genus is g = 9, and the number of its F 49 -rational points is 176. In Appendix, (D1a) will denote the Improved AG codes costructed from the Weierstrass semigroup of Proposition 6.2, that is H(P ∞ ) = 4, 7 , and (D1b) those costructed from the Weierstrass semigroup of Proposition 6.3, H(P ) = 6, 7, 8 .
6.2 q 0 = 7, m = 2.
its genus is g = 3, and the number of its F 49 -rational points is 92. In Appendix, (D2a) will denote the Improved AG codes costructed from the Weierstrass semigroup of Proposition 6.2, that is H(P ∞ ) = 2, 7 , and (D2b) those costructed from the Weierstrass semigroup of Proposition 6.3, H(P ) = 4, 5, 6, 7 .
6.3 q 0 = 8, m = 3.
its genus is g = 7, and the number of its F 64 -rational points is 177. In Appendix, (D3a) will denote the improved AG codes costructed from the Weierstrass semigroup of Proposition 6.2, that is H(P ∞ ) = 3, 8 , and (D3b) those costructed from the Weierstrass semigroup of Proposition 6.3, H(P ) = 6, 7, 8, 9 .
6.4 q 0 = 9, m = 5.
its genus is g = 16, and the number of its F 81 -rational points is 370. In Appendix, (D4a) will denote the Improved AG codes costructed from the Weierstrass semigroup of Proposition 6.2, that is H(P ∞ ) = 5, 9 , and (D4b) those costructed from the Weierstrass semigroup of Proposition 6.3, H(P ) = 8, 9, 10 .
Weierstrass semigroups for curves (E)
Let m be a divisor of q − 1 and let X m be the non-singular model of the plane curve
Proposition 7.1. The curve X m is the image of the Hermitian curve by the rational map
Proof. Let (X, Y ) be a point in H. We need to prove that ϕ(X, Y ) satisfies (10) . This follows from
It is easily seen that the rational functions t = x q0−1 , and z = y m have just a poleP ∞ , which is the image by ϕ of the only infinite point P ∞ of H. Therefore, the ramification index e P∞ is equal to deg(ϕ).
Some properties of the curve X m were investigated in [5, Corollary 4.9 and Example 6.3].
Proposition 7.2 ([5]
). The genus of X m is equal to
where d = (m, q 0 + 1). The degree deg(ϕ) of the rational map ϕ is equal to m.
Proposition 7.3 ([5]
). Let α be a primitive m-th root of unity in F q , and let
Then X m can be seen as the quotient curve of H by the group G m .
Note that a point (a, b) of the plane curve (10) is non-singular provided that b = 0. Let P (a,b) be the only point of X m lying over at (a, b). Lemma 7.5. Let ϕ be as in (11) . The ramification points of ϕ are P 0 , P ∞ , P 1 , P 2 , . . . , P q0−1 . In particular, e P0 = e P∞ = m, and e Pi = d, for 1 ≤ i ≤ q 0 − 1, where d = (m, q 0 + 1).
Proof. By the previous results, we only need to calculate e Pi . Being X ∼ = H/G m , the integer e P represents the stabilizer of G m at P , for P ∈ H; i.e. e P = #Stab P (G m ). Note that #Stab (X,0) (G m ) = # 0 ≤ i < m| α i(q0+1) = 1 = (m, q 0 + 1). Hence, e Pi = d,
A straightforward corollary to Lemma 7.5 is that there are exactly
Proof. The assertion follows from the following straightforward computation:
Therefore,
its genus is g = 7, and the number of its F 49 -rational points is 148. By Proposition 7.7 we have that 5, 7, 8 are non-gaps atP ∞ . Moreover, the genus of the numerical semigroup generated by these integers is equal to the genus of X m . Hence, H(P ∞ ) = 5, 7, 8 . In Appendix, (E1) will denote the Improved AG codes costructed from H(P ∞ ).
7.2 q 0 = 9, m = 4
its genus is g = 8, and the number of its F 81 -rational points is 226. By Proposition 7.7 we have that 5, 7, 9 are non-gaps atP ∞ . Moreover, the genus of the numerical semigroup generated by these integers is equal to the genus of X m . Hence, H(P ∞ ) = 5, 7, 9 . In Appendix, (E2) will denote the Improved AG codes costructed from H(P ∞ ). its genus is g = 24, and the number of its F 256 -rational points is 1025. By Proposition 7.7 we have that 10, 13, 16, 17 are non-gaps atP ∞ . Moreover, the genus of the numerical semigroup generated by these integers is equal to the genus of X m . Hence, H(P ∞ ) = 10, 13, 16, 17 . In Appendix, (E3) will denote the Improved AG codes costructed from H(P ∞ ).
Appendix: Improvements on MinT's tables
In this Appendix, we consider the parameters of some of the codesC d (P ) (see Definition 2.1), where P is a point of a curve X belonging to one of the families (A)-(E). We recall the following propagation rules. (ii) If there exists a q-ary linear code of lenght n, dimension k and minimum distance d, then for each non-negative integer s < k there exists a q-ary linear code of length n, dimension k − s and minimum distance d.
(iii) If there exists a q-ary linear code of lenght n, dimension k and minimum distance d, then for each non-negative integer s < k there exists a q-ary linear code of length n − s, dimension k − s and minimum distance d.
The notation of Section 2 is kept. By Theorem 2.2, together with both (i) and (ii) of Proposition 7.8, a codeC d (P ) can be assumed to be an [n, k, d] q code with n = #X (F q ) − 1 and k = n − r d . Note that r d can be obtained from the Weierstrass semigroup H(P ) by straightforward computation.
The following tables provide a list of codes that, according to the online database MinT [13] , have larger minimum distance with respect to the previously known codes with same dimension and same length. The value of s in each entry means that the [n−i, k −i, d] q code obtained fromC d (P ) by applying the propagation rule (iii) of Proposition 7.8 has better parameters that the known codes for each i ≤ s. For the sake of completeness, the parameters [n−s, k −s, d] appear in the tables. 
